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Abstract

The purpose of this paper is to pre5~nt sale strong la.s for the frequency of
occurrence of states and ordered couples of stites of countable non-homogeneous
"arkov chains, and put for.ard a oe. approach for the study of convergence a.e ...

1. Introduction. The strong laws for countable non-homogeneous'
Markov phains were discussed in references [1]-[9], where various
restrictions were imposed on the Markov chains. The purpose of
this paper is to put forward a new aproach of using the Lebesgue
theorem on differentiability of monotone functions to study the
convergence :'almost every where", and to present some new strong
laws for the frequency of occurrence of states and ordered
couples of ?tates of the countable non-homogeneous Markov chains.

Throughout this paper we shall deal with the underlying
probability space «O,l),~,~), where ~ is the class of Borel sets
in interval (0,1), and ~ is the Lebesgue measure. We first'give,
in .the· above probab i 1 i ty space, a real izat ion' of the Markov chain
with state space S={1,2,3, ... }, initial distribution

q 1, q 2.. CJ3. • ••• J ( 1 )

•

and one-stap-transition matrix

r
nPll n P 1 2 nP 1 3

... ]pn
n P 2 1 n F 2 2 n P 2 3 ... n=l,2, ... (2)

L
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Let
qn, qn, qn,
123

be the positive terms
Divide [0.1) into countable
(XQ = n 1. n 2. n s •... ), t hatis,

(3)

of (1). where n1 < n2 < n3 <...
many right-semiopen intervals dxo

d n =[0, qn }, d n = [qn • qn + qn ) •...
11211 2

These intervals wil.l be c~lled the O~th order d-intervals.
Proceeding inductively. suppose the I n-th order d-intervals
dxo ... Xn have been defined. Then divide the right-semiopen
interval dxo ... Xn into countable many right-semiopen intervals •

dx ... X~Xn+1 (Xn+1 = m~,
o

i=l,2,3, .. )

according
where

to the ratio npxnm2: nPx m2; npxnm:3: ... ,

npxnm~, i=l,2,3, ...• m1,< m2 ~m3 <... (4)

•
(5)

the xn-th row of the transition
(n+1)st order d-intervals are

n-1
~(dxo ... Xn) = qxO ~ 'mpxmxm+1

m=O

Define. for n ~ 0, a random variable Xn: [0,1) -->S as follows:

are the positive elements of
matrix nP. In this way the
created. It is easy to see that

Xn(W) = Xn, if wedx ... Xn
o

(6)

By (5) and (6) we have
n-1

~<'Io=xo, ... ,Xn=Xn) = ~(dxo ... Xn) = qxo Tt mpxmxm+1
m=O (7)

Therefore {In, n>O} is a Markov chain with initial distribution
(1) and transition matrix (2). •

In order to prove the theorems below we first construct an
au~illary function. Assume

... ,] n=O,l.2, ... (8)

•
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is another sequence of one-step transition matrices where nr~j> 0
if and only if nP~j>O. The sequence (8) will be denoted by R.
Using the. in i tial d istribut ion (1) in the same procedure as
above, ~xcept with n R in plac~ of nP we construct a new
collection of intervals ~o ... xn. It is clear that

•
and

n-1
~(~o... xn) = qx ~ nrxmxm+l.

o m=O

(9)

(Hi)

Let d-xOxl ... Xn and d+xo Xn be) ~espectively, the left and
right end-points of dxo ~nj define ~-xo ... Xn and ~-XO ... Xn
similarly. Let Q be th~ set of 'end-points of all d
intervals. Now we define a function 'f:[O,l)-->[O,l) as fol·lows:

f(d-xo ... xn) = ~-xo ... xn , f(d+xo ... xn) = ~+xo ... xn, (11)

f(w) = sup{f(t), t E Q 0[0, w)}, w ~ [O,l)-Q (12)

It is easy to see that f is increasing on [0,1). Let

I-l(~o... xn)
tn (R, w) =

I-l( dxo ... xn)

By.(S) and (10)-(13) we have

+

W E dxo ... xn. (13)

= R wedxO... xn
dxo ... xn - dxo. Xn mpxm xm+l

t n ( R, w) =
f(dxo ... xn)-f(dxo ... Xn) mrxmxm+l

Let k, 1 E 5,1 > 0 be a constant. For each m ~ 0, when 0<mPkl<1 1

choose the va_ue of mrkl such that

• mrk1 ( 1- mPk1)
= 1 ,

mpk1 ,( 1- mrk1)

th~" is,

mpk1
mrk1 =

1+( -.1 ) mpk1

•

(15)

(16)

,~ -
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(it is easy to see that O<mrkl~l), and let

•

1- mpk1
mpkj , j+1; ( 17)

when mpk1 = 0 or 1, let

mrkj = mpkj j E s;
when i + k, let

mrij = mpij, j E S.

When mrij (i,jES, m=0,1,2, ... ) are defined
sequence (8) and "the function defined by
determined by A. so that tn(R,w) in (1~)

tn<"A .w).

by
(11)

may

(18)

(19 )

( 15) - ( 19) , the
and (12) are
be denoted by

•

Assume that {Xn,n>O} is def{ned by (6), k,l,ES, An(k,l,w) is
the number of occurrence of couple (k,l) in the partial sequence
of order couples

(Xo(w), X1(W», (Xl,(W),X2(W», .. , (Xn-1(W), Xn(w»,

(20)

and Ik(s) (k=1,2, ... ) is a function defined on S:

1, if s=k;

•

0, if s=l=k. (21)

1

Lemma 1. if wEdxo ... xn

An( k , 1 . w) n-1
t n ( ,w) t: A n:

m=O

( n?: 1 ) .

Ik(Xm)
~------)

1+ ( - 1 ) rnp k 1
(';1'-')
'...... ~ J

•
Proof. 'I'ho r« are the three cases for the factors HI (14):

Case 1. Xm t k: by (19) we have

m tm x m- 1

-----"-- (23)

•
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Case 2. xm=k, xm+l=l:' by(16) and (18) we have

mrxmxm+l

mpxmxm+l "l+(A -1)mPkl
(24 )

Case 3. xm=k, Xm+lt1: by (17) and the equality

(Note. Since xm=k and mPkl=l implies xm+l=l, xm=k and xm+l=l
implies mPkl.1) we have

•

1

1+0. -·1 )mPkl
(25)

mrxmxm-t-'l

mpxmxm+l

1

1+(A--1)mPkl
(26)

By (23), (24),. (26) and (24), (22) follows, Q.E.D

For each we[O,!), let Xn=Xn(W), then wedxo ... Xn (n~O) and we
have the rewrite of (22):

rt

m=O
t n ( ,w)

An( k , 1 , w) n -1
= A

we[0,1).

1 Ik(Xm(w»
(------)

1+(A-1)mPkl

(27)

2. The strong law for the frequency of occurrence of ordered
couples of states.

Theorem
k,leS, Ik(s)
(n=O,l,2, ... )
D(k,1) be the

1.
and
be
set

let {Xn. n~O} be a Markov chain defined by (6)
An(k,1,w) be defined as before, an(k,l,w)

positive random variables on ([0,1), B,~), and
of we[O,1] satisfying the following:

• ( i) lim an (k,l,w) - 00-
n-)oo

n=1
(ii) 2 Ik (Xm(w) mpkl

m=O
limsup = ¢ (w)<oo,
n-)oo an (k,l,w)

•

(28)

(2-B )
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then

n-l
An <" k , l.p) - ~ I k (Xm( w) ) mpk 1

•

lim
n-)OO

m=O

On(k,1,w)
- 0 a.e~ xE D(k,l)

. (30)

Proof. Let A :> 0 b e constant, R be defined by (15)-(19),
function f be defined by (11) and (12), t n( ,w) = t n (R,w) b~

defined by (13). Letting H( ,K,l) be the set of points of
differentiability of f, u(H< ,k,l» = 1 by the Lebesgue theorem
on differ~ntiability of monotone funqtions. Let wEH( ,k,l), and
wEdxo ... Xn. If lim ~(dxn ... xn)= d ) 0,

n~>OO

•

u( L~,<o . . . xn)
limtn\ A,W) = Lim
n->oo n-)oo u(dxo ... xn)

=

lim IlCLixo ... xn)
n-)oo

d
< 00,

( 31)

if lim u(dxo ... xn) = 0, by a property of derivative
n-)OO •

(cf. [10J, 34~,-346) we have

1im t n ( A. w) :: f' ' ( w) < 00

n-)OO (32)

By (31) and (32),

lim t n (A.. w) = finite nUJDber,wEH o,.. k,l).
n-)oo

Letting A(A.k,l)=H(A.k,l) n D(K,l), by (33) and (28),

1

(33)

•limsup
n-)oo Or.', K. i • W)

By ("4 ) and (2 7 ',-, ,) ; i>

An(k,l,w)
limsup In
n-)oo n(k,l,w)

in t n ( A,w):50, wEA( , k , 1) .

1 n-l
L Ik(Xm(w».

on(k,l,w) m=O

(34)

•
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In( 1+( A-i) mPkl)] s 0, wEA( ,j, 1). (35)
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Letting A> 1, and dividing the two sides of (35) by InA I we
have

An(k,l,w)
limsup
n->oo On(k,l,w)

1

(In(k,l,w)

•
n-l

~ Ik(Xm(W»
m=O

In(.1+(A -l)mPkl)
--------- < 0,

inA
wEA( ,k,l). (38) ,

By (38), (29) and tne inequality 0 < 1n(1+x) < X (x>O), we have

Iimsup
n-)oo

n-l
An ( k , 1 , w) - 2: I k( Xm ( W ) ) mP k 1

In=O

On(k,l,w)

•

1 n-l 1n ( 1+(A -1 ) mp k 1

Iimsup 2: Ik(Xm(W» - mpkl
n->co On(k,l,W) m=O inA

1 n-1 A-l
limsup 2: I k(Xm( w» ( -1) mPkl

n->oo on(k,l,w) m=O inA

•

A-1
s (- -1) 16 (w), wEA( ,k,l).

inA

Assuming Ai>l (i=1,2, ... ,), i->1+0 (i->oo), and letting

00

A(k,l) = n A(Ai,k,l)
i=l

then for eacp i=1,2, ... , we have. by (37),

(37)

•

limsup

n-l
An ( k , 1, w) - 2: I k(Xm(w) ) mp k1

m=O

On(k,l,w)

w E A(k,l).

- l)¢(w),

(38)



Since
1nA'1

--> 1 (1-->.00), we :lave by (38),
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limsup

n-i
An(k,i,w) - L: Ik(Sm(w» mpkl

m=O
-------------- ~ 0, wEA( k , 1)

On(k,l,w)
(39)

Similarly, Le t ting 0 < A < 1, and dividing the two sides of
(35) by 1nA, we have

An(k,i,w)
liminf

n-)oo on(k,i,w)

1 n-1 In(l+A-i) mpkl
L: I k( Xm ( w) )

on(k,i,w) m=O lnA
•

~O, wEA( ,k,l). (40)

By (40) , (29) and the inequality .1n(1+x)~ ("71<x<0), we
have

n-l
An(k,l,w) - L: Ik(Xm(w) ) mpkl

m=O 1
liminf ~liminf

n-)CO On (k,l,w) On(k,l,w)

n-1 1n(1+(A-l) mpkl
L:. I k (X m (w) ) ( - mpk 1 )

m=O inA

•

1 n-1
~liminf L:
n-)CO on(k,l,w) m=O

A-1
~ ( -1) ¢(w),

1nA

A-I
Ik(Xm(W) ) (-

1nA

wEA(A,k,l).

-1) mpk1

(41)

Ass II min g 0 < T i < 1 (i=1 , 2, . . . ), T i - ) 1-0 (i - ) co ), an d
letting

co

B(k,l) = n A(Ti,k,l) ,
i=J

•

•
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then for each i=1,2, ... , we have by (41),

liminf
n->oo

n-1
An(k,l,w) - ~ Ik(Xm(w» mpk1

m=O

On(k,l,w)

w E B{k,l).

~ (----
Lnr a

-l)~(w),

(42)

•
Since --> 1 (i-->oo), we have by (42),

1nT 1.

n-1
An(k,l,w)- ~'Ik(Xm(w) ) mpk1 m=O

liminf ?;. 0, w E B(k,l) (43)
On(k,l,w)

Letting C(k,l)=A(k~l) n B(k,l), we have by (39) and (43),

n-1
An(k,l,w) - ~ Ik(Xm(w) )mPk1

m=O

•
lim

£;1-)00 On(k,l,w)
- 0, wEC(k,l). (44)

Since C(k,l)
(30) is true.

D(k,l), and I.J.(C(k,l» = I.J.(D(k,l»)", hence, by (44),
Q.E.D.

Choosing on(k,l,w) appro-priately, we have two immediate
consequences below, where no restriction is imposed. on the Markov
chains.

Theorem 2. Let {Xn , n ~ O} be a Markov chain defined by
(6), k,l,ES, Ik(s)'and An(k,l,w) be detined as before, and let

•
n-1

Sn(k,w) = ~ Ik(Xm(w»,
m=O

(45)

that is, Sn(k,w) be the number of occurence of k 1n the sequence
Xo(w), X1(W), ... ,Xn-1(W). Then

•

lim

n-1
An(k,l,w)- ~ Ik(Xm(w» mPk1

m=O

Sn(k,w.)
= 0 a.e., wEDk (46)
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where
•

On = {w: lim Sn(k,w) = to}.
n-)to

Proof: Letting on(k,1,w) = Sn(k,w) in Theorem 1, since

n-1
~ ~ k( Xm ( W ) ) mp k1 .

m=O
~ 1, 0=0,1,2, ... ,

Sn(k.w)

hence D=(k,l)=Dk, and (46) follows by (30). ~.E.D

Corollary. If

lim npkl=pkl
n-)to

then

(47)

(48)
•

--'"--- = P k 1

An (k, 1, w)
lim
n-)o:> Sn(k,w)

Proof. Since (48) implies

a -. ~., wEDk. (49)

----'--------- = Pk 1, wED klim
n-)to

n-1
~ Ik( Xm(W» mpkl

m=O

Sn(k,w)

•

(49) follows by (48).

Theorem 3. Let {Xn, n~O} be a Markov chain defined
k,1E$, Ik(s) and A~(k,1,w) be defined as bef6re, and let

n-1
H(k,1) = {w: lim ~ Ik(Xm(w» mpkl = to}.

n-)to m=O

Then

by (0),

•
n-1

An ( k , 1 , w) - ::E Ik(Xm(w) mpkl
m=O

lim
n-)to n-1

~ I k ( Xm( w) ) mt? k 1

m=O

:::: a, e. ) wEH( k , 1).

(50)

•
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•
n-l

Proof. Letting. on{k.,1,w) = IIk{Xm(w) mPkl in'Theorem 1,
m=O

follows easily.

3. The strong law for the frequence of occurrence of states.

In order to prove the theorems below we construct an~ther

auxiliary function. For this purpose, we first give another
construction of matrix It in (8). Le t 1 eS, >0 be a conatant .
For eachm ~ 0 and all k e S, let mr1j be defined by (16)-(18).
Hence the sequencie (8) and the ~unction f defined by (11) and
(12) are determined by A , and we will denote tn(R, w) in (13)
by tn(A,W)

Lemma 2. If w e dxo ... xn

tn(A ,w) =
(51)

n-1 1 Ik(xm)
R R ( )

k m=O 1+(A-1)mPkl

• ~here the notation R denotes multiplication
k

over all,keS.

Proof. If w e dxo ... xn, we h~ve by {14),

r
n-1 m XmXm+l An(k, 1, w) n-l Ik(xm)

R = ). rt ( ) (53)
x=O mpXmXm+l m=O 1+( -1)mPkl

Xm=k

(52)
mpxmxm+l

mrxmxm+ln-.1 mrxltlxm+1

= R = R
m=O mp mpxmxm+l k

n-1
It

m=O
am=k

By similar argument, as in the case of Lemma 1, we have

tnU ,w)

•

•
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!:,y (52). (53) and the equality

•

:z An ( k , 1., w) = Sn ( 1, w) - 11 (Xn ) - 11 ( x o ). w:2f:L..l) •... x ri (54)
k
where the notation 2:: denotes summation OVf.:'!' all kES, (~11)

k
follows.

We have the rewritp of (51);

•
1+ ( A.. 1) mp k 1

1t

k

n-1 1 Ik(Xm(w»
1t (----~--------) , wE[O,l)

m=O
(55)

as in the case of (27).

Theorem 4. Let {Xn, n~O} be a Markov chain defined by (6),
Lx Cs ) and Sn(i,w) be defined as before, on(i,w) (n=O,1,2, ... ) be
positive random variables on ([0,1), 0,~) and D(l) be the set of
wE[O,l) satisfying the following:

( 1 ) lim an( 1,w) - co' (56)- ,
n-)OO •

n=l
2: ~ Ik(Xm(w) ) mpkl
k m;;:O

( 11) limsup - ¢(w) < co, (57)-
n-)CO an( 1., w)

then

ri-1
Sn(i,w)- ~ ~ I k( XII"( w) mpk1.

k m=O
lim - 0 a. e. , w E D(l) (58)-

n-)CO an (1, w) •
Proof. Letting . H( A ,1) be the et of points of

differentiability of function f discussed in lemma 2,

~H (A , 1)= 1. We have, as in the case of (33),

lim t n( A,w)=finite number, wEH(A,l). (59)
n-)OO

•
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Let A(A,l)=H(A,l)nD(l). Then

1
limsup 1ntn(A,w)~0, wEA(A,l)
n->oo on(l,w)

•

by (59) and (56), and (60)

[ Sn(l,W) 1 n-1

]limsup 1nA - I I Ik(Xm(w)ln(l+lX-l) mPkl)
n->oo on(l,w) O:n(l,w) k m=O

~ 0, !\ E' A CA,l) (61)

Letting A > 1, and dividing the two sides of -(61) by 1n , we
have

[Sn(l,w) 1 n=l Ik(Xm(w»ln(1+(A-1) mPkl)

]limsup I I
n-)OO On(l,w) On( 1, w) k m=o 1nA

s 0, w E A( ,1) (62)

By (62), (57) and the inequality 0 ~ 1n(1+x) ~ x(x~O), we have

limsup
n->oo

n-1
s., ( 1, w) - ~ ~ I k( Xm(w) ) mpkl

k m=O

On(l,w)

1
~ li~sup ~

n->oo on(l,w) k

n-1 1n(1+(A-1) mPkl
2: I k ( Xm (w » (---------------

maO 1nA
- mPkl)

•

•

1 n-1 (A -1)
s' limsup I I Ik(Xm(w) - 1 mPkl

n->oo On(l,w) k m=O InA

A-1
s -1) r;1(w), wEA(X, 1) (63)

1nA

Assuming A~>l (i=1.2,. 00')' i-> 1+0 (i->oo), and letting

00

A(l) = n A(A i, 1>
i=l
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then for each i - 1.2 ....• we have by (63),

Iimsup
n-)

'l-l
Sn(l,W) - 2: :2 Ik(Xm(W~1 mF'kl

h m=O

(in(l,W)

Ail
¢(W). w E A(l)

lr xi ( 64 )

Since -----

limsup
n") ,j)

Sn ( 1 , w)
n r ],

:::i;: L: I k \ Xm ( w;·

k=l

O"n(l,w)

mpkl

w E ACI) (65)

•

S i rn i] 3 r 1 y, 1e t tin g 0 < A .:" 1 , and d i v i din g the Lwo s ides or
(61) hy In . we have

lirninf
::'11 ( 1 , w) 1 n - 1 I k ( Xrn ( W ) ) 1n ( 1+ ( A' 1) mp k L

L: L: ....._---------- ?: 0,
n -'/ ell On(l,w) On(l,w) k m="'O 1nA

W E A(A,l) (66)

Assuming. 0 < r e. < 1 (i=1,2,. _), r c ->1-0 (i- oo ) , and letting

00

B(l) = n A(Ti, 1)
i= 1

We have by (66),

Sn ( 1, w) - L:
k

Iiminf
n->fO

n-l-
L: I k ( Xm ( W » mp k 1

> 0, w EB(1) (67) •
as in the case of (65).

•
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. \

Letting C(l)=A(l)nB(l), we have by (65) and (67),

n-l
. S",(l,w) - ~ ~ Ik(Xm(w) mPkl

k m=O
------------- = 0, wE (1).lim

n-)OO Ori(l,w)
(68)

•

Since C(l)C. D(l) and Il(C(l) = Il(D(l) ). (58) follows by (68). 0

Theorell 5. Let {Xn', n ~ O} be a Markov chain defined by
(6), Ik(s) and Sn(l lw) be defined as before. Then

lim
n- )00

n-1
Sn(l,w)-I I Ik(Xm(w» mpkl

k m=O

n
= 0 a. e. in [0, 1) . (69)

Proof. Letting on(l,w) = n in Theorem 4, and noticing the
inequality
9

•
n-1 n=l
~ I k( Xm( W ) ) mp kl::S ~

m=O k m=O

(69) follows by Theorem 4.

n -1
Letting on(l,w) = ~ ~ Ik (Xm(w) ) mpkl an Theorem 4, we

m =0

have the immediate consequance below.

Theorem 6. Let {Xn, n ~ O} be a Markov chain dAfined by
(6). I k( s) and. S.A ( 1, w) be def ined as before, and let

n-1
H(l) = {w: lim ~ ~ Ik(Xm(w» mPkl = 00 }

• n-)OO k k=O

Then

Sn(l,w)
lim =1 a. e. , w E H( 1).

n-)OO n-l
~ ~ Ik(Xm(w) mpkl
k m=O

•

(70)

(71)
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Theorem 7. Let {Xn, n ~ O} be a Markov cnain defined by
(6), Ik(s) and Sn(l,~) be defined as before, and let

S( 1) = {w: 1 imSn ( 1, w) = co}.

Then

(72)

Proof Letting an(l,w) = Sn(l,w) in Theorem 4, and H(1) be
defined by (70). If w E ([O,l)-H(l)OS(l),

lim
n->oo

n-l
2: 2: Ik(Xm(w) ) mPkl
k m=O

Sn(l,w)
- 1 ae., w E S(I) (73)

•

lim
n->oo

and

n-l
~ ~ Ik(Xm(w) ) mpkl
k m=O

Sn(l,w)
= 0 (74)

n-l
2: 2: Ik(Xm(w) ) mPkl •k m=O

lim = 1 a. e. , w e S(l) n H(1)
n-;>oo Sn(l,w) (75)

Then by (74) and (75),

n-l
L: L: Ik(Xm(w) ) mpkl
k m=O

lim = 1 a. e. , w E S( 1). (76)
n-)oo Sn(l,w)

Let W(l) be the set w e S(l) satisfying the inequality in (76).

Then by (72) and (76) and Theorem 4,

•

lim
n->oo

n.,..l
L: L: Ik(Xm(w) ) mPk1
k m=O

Sn(l,w)
= 1 a.e. wew(l). (77)

•
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Since W(l)cS(l) and ~(W(l) = ~(S(1) ), (73) follows by 77.

\)

By Theorem 6 and
consequence below.

Theorem 7, we have the immediate

Theorem 8. Let {Xn,ri ~ O} be a Markov chain defined by
(6), Sn(1,w) be defined as before. Then

1im Sn ( 1 , w) = 00

n-)oo
a,e. w e [0,1) (78)

if and only if

•
lim
n-)oo

11-1
~ ~ Ik(Xm(w) mpkl = 00 a.e. we[O,l).
k m=O

(79)

Corollary. Assume that the Markov chain defined by (6) is
homogeneous, that is, mpkl = Pkl (m=O,1,2, ... ), Then (78) holds
if and only if

•

•

•

lim ~ pklSn(k,w) = 00 a.e., we[0~1).

k

Proof. By Theorem 8, and noticing that

n-l
~ I k( Xm ( w) ) pk1 = ~ Pk1 Sn ( k , w) ,

m=O k

the corollary follows .

(80)
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